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Abstract 

. The Schrodinger equation for a charged particle constrained to a curved surface in 

0> i the presence of a vector potential is derived using the method of forms. In the limit that 
^ I the particle is brought infinitesimally close to the surface, a term arises that couples the 
O ' component of the vector potential normal to the surface to the mean curvature of the 
O ■ surface. 

: PACS numbers: 03.65. Ge,3.65 -w 
CN ' 

>- I It is often stated that the quasifree electrons of a nanostructure are confined to very 

' nearly two dimensional regions [1]. A heterojunction well, for one example, confines elec- 
Q ■ trons to a layer much smaller than the lateral dimensions of the device [2], so that the 
OO ! physics of the object may be discussed in terms of standard two dimensional quantum 
^ I mechanical models [3]. Here we are interested if the reduction to lower dimensionality 
0> I (even if only approximately realized) via constraints can result in novel effects when a 

^ ' charged particle is subject to a static vector potential. There are none for a flat surface 
from elementary considerations; however, it has been shown that when a particle in three 
! dimensional space is constrained to a two dimensional curved surface, curvature terms 
I enter the Schrodinger equation (or the path integral) for the particle [4,5,6,7,8]. In this 

letter, the methods of [9] are extended to include a vector potential. 
' Let d be the standard exterior derivative operator that provides a mapping from p 

forms to p+1 forms appropriate to a coordinate system {qi, q2,Q)- The minimal substitution 
rule for the covariant derivative of a negatively charged particle in the presence of a vector 
I potential [10] gives 

^^[d + ieA] (1) 
In the absence of a scalar potential, A is 

A = AiOi + ^2(T2 + AgCTa (2) 

with ai one forms derived from applying d to the Monge form x(q'i,q'2,^) for a given 
coordinate system. For \E' a zero form function, the Schrodinger equation in this notation 
(in natural units) becomes 

1 

--*[D*D^=^n— (3) 

with * the Hodge star operator[ll]. In a gauge with c? * A = 0, eq.(3) may be written in 
the familiar form 

If 19* 

— * d* d + 2ieA* d- [A* A) \^ = in—. (4) 
2 ^ ' dt ^ ' 
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Because the main interest here is in regions near to and on surfaces, x is set equal to a 
surface part with coordinates {qi,q2) plus a part everywhere normal to the surface with 
coordinate q, 

, 52 , = r (gi , Q2) + ges (5) 

so that 

d:x. — dr + dqe^ + qde^ 

= aiBi + 0-262 + 0-363. (6) 

To avoid unneccessary complexity, consider an axially symmetric surface given by the set 
of points that satisfy the surface part of eq. (5), 

r(p, (j)) = p COS0 i + p sin0 j + S'(p) k. (7) 

In terms of a local basis, points near the surface can be written either in terms of eq.(5) 
or in terms of a local set of unit vectors as (subscripts on S denote differentiation) 

</>, q) = r(p, 0) + ge3 = [(p + SSp)ei + {S - pSp + q)e^\ (8) 

with 



Z=^l + Sp\ (9) 

61 = — [cos0 i + sin0 j + S'p k] , (10) 

62 = — sin0 i + COS0 j, (11) 

and ^ 

63 = — [ - Spcoscj) i - SpSincf) j + k] . (12) 

The one forms for this system can be read off from 

s s 

dx = dp Z[l - + d4)p[l - -^]^2 + dq es = aiBi +0-262 + 0-363. (13) 

It is possible to write eq.(4) in this geometry, but there is little to be gained by writing the 
general expression in full detail since our primary interest here is the modification of eq.(4) 
when the particle is constrained to the surface. A constraint that brings the particle to 
the surface can be thought of as being effected by a large confining potential everywhere 
normal to the surface, i.e., a local function of q in the 63 direction. The usual choice [5,6] 
for this term is 

Vn{q) = (14) 

with eventually a; — > cx) and g ^ 0. As the particle approaches the surface, we anticipate 
a decoupling of the wavefunction into tangential and normal degrees of freedom 

^ip,(f>,q) Xt{pA)Xn{q)- 



A consistent relation for the norm is obtained by insisting on the condition [4] 



\^\'FdSdq=\xtrdS\xnrdq, 



so that 



with 



* = 



XtXn 

7F 



F = l + 2q^H + qlK 



(15) 
(16) 
(17) 



and H, K the mean and Gaussian curvatures of the surface. Their exphcit forms are given 

by 



and 
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K 



'-'p'~-'pp 



(18) 



(19) 



The ansatz of eq.(16) can be inserted into eq.(4) to give the following relations for the 
tangential and normal functions in the g — > limit: 



+ 



-)Xn + 



1 d\t 



p dp' p 
At dxt 



Xn + {H^ - K)xtXn + - Z^SpS, 



'pp' 



dxt 
dp 



■Xr 
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A2 dXt . . dXn . rr 

ry a ^^"^ -^Xn ^ M-^Xt - MH-XtX-r 

Z op P ocp oq 



XtXn + Vn{q)XtXn = i^g^XtXr. 



(20) 



The {H^ — K) term appearing in the first grouping has been discussed elsewhere [9,12] and 
will not prove important for what follows. It is interesting to note that a coupling of A3 
to the mean curvature H obtains even if a limiting procedure does not occur; it originates 
from a term proportional to ^ and is present only if there is variation of the unit normal 
63. Should the g — > condition not be imposed, higher order curvature terms would be 
present in eq.(20). 

As an admittedly unphysical example of how the curvature term can produce a non- 
trivial consequence, consider a situation with Ai = A2 = 0, and A3, H both functions of p 
only. Next for 

Vniq) » As—ln[xn{q)] (21) 
a separable pair of equations obtain. 



+ieAsHxt + y^s^t = Etxt 



(22) 



and 



+ Vn{q)Xn = EqX'. 



(23) 



2 dq^ 



n 



with m an aziumthal quantum number. Suppose that the product of and H over some 
region V is approximately constant and zero elsewhere. Then for whatever xt results from 
the solving the tangential equation, the solution in V would become 



Eq. (24) illustrates a peculiar situation wherein the sign of a term depending on curvature 
can have either dissapative or pathological behavior. Cleary this situation is not expected 
to persist for physically realizable systems, but it serves to show that peculiar results can 
obtain when studying constrained quantum systems. 

In this letter, differential forms were used to derive the Schrodinger equation for a 
three dimensional particle constrained to a two dimensional cylindrically symmetric surface 
in the presence of a static vector potential. For arbitrary choices of geometry and field 
configuration, it is difficult to find closed form solutions of eq. (20) . Nevertheless, the above 
discussion indicates that the interplay between surface geometry and applied fields may be 
important. It is worth reemphasizing that even for finite q there is nontrivial coupling of 
A to surface terms through differentiations of eq.(17). This is a manifestation of a general 
result; imposing constraints in three dimensional space to restrict particle dynamics to a 
two dimensional space gives different results than an a priori two dimensional model. 



Xt Xt exp[±e|A3ii't|]. 



(24) 
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